
Lecture 10

Today Heuristics for Brener's theorem

The c exponential map

Rademacher's theorem

Heuristics for Brenier's Theorem

or how to characterize optimal leftphiright

Consider a pair leftdtright solving the

Dual problem with dpsic tqc

Fix etainC0leftYright and net

psis1571575etaleft5right
Then leftleftpsisrightcpsisright is an admissible pair

for every 5 What is the value OH

fracddsleftint_s0leftpsisrightcleftxrightdmuleftxrightint_ypsisleftyrightdnuleftyrightright
Note the point is whetean this is it equalszero



Clearly

fracddsint_Ypsisleftnrightdnuleftnrightint_Yetaleftsrightdnuleftsright
The 45 is more delicate What are the

possible values of fracddss0left4sright2cos2
working assumption left4crightleftxright is such that

for every x there easts a wife yn or

such that

argmin_Sleftleftlanglex4rightranglepsileftnrightrightleftyleftxrightright

In fact let's assume an even stronger

form of this assumption existsforallsinleftvarepsiloncright c0

and every x there is a unique ysleftxright

this not needed as we shall
such that

see

angu in leftleftlanglex4rightranglepsisleftnrightrightleftysleftxrightright



In particular forallsinleftvarepsilonvarepsilonright forallxinX we

have

leftpsisrightcleftxrightcleftx1ysleftxrightrightpsileftysleftxrightrightsetaleftysleftxrightright

Key fact As srightarrow0 I for any fixed x1

frac1botSs0leftaleftxysleftxrightrightpsileftysleftxrightrightrightgeq0
Indeed for a given

the map

n cleftxyrightpsileftnright

it achieving its minimum at yleft1right This

cleftxysleftxrightrightpsileftysleftxrightrightgeqcleftxyrightpsileftsright

achievesSts cleftxysleftxrightrightfleftysleftxrightrightie

its minim at 0 It follows that



fraclimsrightarrow0frac1sleftleft4srightleftxright4leftxrightrightgeqetaleftyleftxrightright
This used implicitly that as Srightarrow0

we have y5leftxrightrightarrowyleftxright this follow

from the working assumption

Exercise Prove this lost claim

Hint Show that

lim_srightarrow0leftpsisrightaleftxrightcleftxyleftxrightright4leftyleftxrightright
and use the fact that there is

a unique minima of yrightarrowleftlangleleftxyright4left5rightrangleright

to conclude that ysleftxrightrightarrowyleft71right as

5 o



If all of the above holds then we

expect that

0fracddss0leftint_Xleftmusrightleftxrightdmuint_Ypsisleftxrightdnuright
geqint_Xetaleftyleftxrightrightdmuint_Yetaleftyrightdz

or

int_Xetaleftyleftxrightrightdmugeqint_Yetaleftyrightdnu
Since 4177 C Y was arbitrary it

follows that

int_Xetaleftyxrightdmuleftxrightint_Yetaleftxrightnuleft5right



The significance of what we just
discussed is that if we knew that

for each x we had

leftpartialcphirightleftxrightleftyleftxrightright
then yleftxright has to be a Brenier solution

ol the Monge problem

This raises some questions
When is you even well defined

How regular is it

Well these questions can be answered

at least pe a e provided there is

some differentiability ie X Y one

manifolds 17457 is smooth and

some regularity of the target measure

Then Rademacher's theorem shall come to



the rescue


